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The topological notion of a fibre bundle is a generalization both of a Cartesian 
product and of a covering space. A graph bundle is a combinatorial analog of a 
fibre bundle. Accordingly, it is a generalization both of a Cartesian product of two 
graphs and of a covering graph. A “total graph” X is formed from a “base graph” 
B and “libre” F. The edge-colorability of X is studied in terms of B and F. In 
particular, it is proved that if a graph bundle with base B and libre F satisfies at 
least one of the conditions: 
(i) B is of chromatic class 1 and d(B) > 0, or 
(ii) F is of chromatic class 1 and d(F) > 0, or 
(iii) B and F both contain a l-factor. 
then its total graph X is of chromatic class 1. 
1. INTRODUCTION 
Before defining graph bundles we give an intuitive motivation for the 
introduction of this notion to the theory of graphs. In the theory of fibre 
bundles (see, for example, Husemoller [6]) there exist two special cases 
which both have an analogy in the theory of graphs. The first special case is 
when the tibre is discrete. We then have a covering space. As every covering 
space of a p-dimensional cell complex is a p-dimensional cell complex and as 
graphs are nothing but l-dimensional cell complexes, coverings of graphs are 
graphs, It is well known that these coverings are conveniently described by 
voltage graphs (Gross [5], or see White and Beineke [ 131). 
The second special case of a fibre bundle is the so called trivial bundle or 
product bundle, which is nothing but the (topological) product of the base 
and the fibre. If we take the product of two graphs as topological spaces 
(trivial bundle), we do not get a graph but a 2-dimensional cell complex. Its 
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FIGURE 1 
l-skeleton is a graph, known as the Cartesian product of the two graphs (see, 
e.g., Bondy and Murty [Z]). 
Graph bundles are defined to generalize the notion of covering graphs and 
Cartesian products of graphs. Intuitively speaking, a graph bundle is the 
I-skeleton of a fibre bundle where both the base and the fibre are graphs. 
For instance, the Mobius strip is a well-known example of a nontrivial 
toplogical bundle with base the l-sphere and fibre the unit interval. If we 
triangulate the base as C, and the fibre as K,, the total space (Mobius strip) 
receives the structure of a 2-dimensional cell complex (see Fig. 1; the 2-cells 
are the three “rectangIes”). Its l-skeleton, which is the complete bipartite 
graph K,,, , is therefore a graph bundle with base C, and fibre K,. 
Let us now introduce the necessary notation. We consider only finite 
graphs. Every graph G has its vertex set I/(G) and its edge set E(G). Each 
edge e gives rise to two oppositely directed edges e+l and e-l. Let S(G) 
denote the set of directed edges. Each directed edge e has its initial vertex ie 
and its terminal vertex te. Graphs with no multiple edges and/or loops are 
called simplicial (because they are simplicial complexes). In this paper we 
consider only simplicial graphs, although the theory of graph bundles 
(Pisanski and Vrabec [9]) can be developed for general graphs. The degree 
of a vertex v is the number of directed edges having v as its initial (or 
equivalently terminal) vertex. By d(G) we denote the maximum and by 6(G) 
the minimum degree of vertices in a graph G. A factorization G = F, 0 
F, @ .‘. OF,, is a collection of spanning subgraphs Fi (called factors) 
whose edge sets partition E(G). If each Fi is a d-regular graph (i.e., d(Fi) = 
6(F,) = d), then the collection is called a d-factorization. A graph admitting 
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a d-factorization is called d-factorable. A factorization with d(Fi) = 1 for 
each i is called an edge-coloring. The index i is then called the color and n is 
the number of colors used. Obviously every edge-coloring of G requires at 
least d(G) colors. For simplicial graphs Vizing [ 1 l] (or see [4]) proved that 
d(G) + 1 colors suffice. A simplicial graph G is said to be of class 1 if it 
admits a d(G)-edge-coloring, otherwise it is of class 2. 
We will now define graph bundles in a purely combinatorial way without 
any reference to topology. In another paper (Pisanski and Vrabec [9]), 
which studies graph bundles more extensively, a more topological approach 
is followed. 
We will be dealing with triples of the form < = (X,p, B), where X and B 
are graphs and p : X--f B is a (cell preserving) projection. B is the base and X 
is the total graph of 5. 
Usually only dimension preserving maps between graphs are considered 
(i.e., edges are mapped into edges and vertices are mapped into vertices). 
Here we allow p to be degenerate. In other words, p maps each vertex to a 
vertex and each edge to either an edge or a vertex. This means that p is in 
fact defined as a surjective map p : S(X) U V(X) + S(B) U V(B) that satisfies 
the following conditions: 
(4 iOV3 = W), 
(b) if e E S(X) and if p(e) E S(B), then p(e-‘) =p(e)-‘, p(ie) = z@(e), 
and p(te) = tp(e), and 
(c) if e E S(X) and if p(e) E V(B), then p(ie) =p(te) =p(e). 
The edges of X fall naturally into two classes. We say that an edge 
e E S(X) is degenerate if p(e) E V(B) and that it is nondegenerate otherwise. 
Obviously e and eC1 are either both degenerate or both nondegenerate. 
Therefore the definition of degenerate and nondegenerate edges carries over 
to unoriented edges. The projection p thus induces a factorization X = B 0 R 
of X, called the fundamental factorization, where the graph B” contains all 
nondegenerate edges, whereas R contains the degenerate ones. So the 
restriction p” =plB” is a graph map (= dimension preserving cell map). For 
each vertex b E V(B) we define the Jibre of l over b to be the graph 
R, ‘p-‘(b). Obviously R is the union of all R,, for b E V(B). 
The triple r = (X,p, B) will be called a graph bundle withfibre F (or an F- 
bundle) if it satisfies the following three additional conditions. 
(d) There exists a graph F such that each fibre R, is isomorphic to F. 
(e) ~7: B-t B is a / V(F)/-fold covering projection; this implies that for 
an arbitrary directed edge e E S(B) the set of lifted edges j-‘(e) induces a 
bijection 4, : V(R J + V(R ie). 
(f) Each function 4, introduced in condition (e) determines a graph 
isomorphism 4, : R,, + R,, . 
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Note that in a graph bundle as above we have d(X) = d(B) + d(F). 
One can construct F-bundles over an arbitrary graph B in the following 
way. Take a voltage graph (see White and Beineke [ 131) of the form (B, 4, 
Aut F), where $: S(B) --f Aut F is a voltage assignment with the property 
that #(e-l) = $(e)-’ f or each e E S(B), and the voltage group Aut F is 
regarded as a permutation group acting on V(F). The (permutation) derived 
graph B” on the vertex set V(g) = V(B) X V(F) and the covering projection 
p: B”+ B are defined as usually [ 131. Define X so that V(X) = V(B) and 
X = B” @ R, where R = V(B) x F. This concludes the definition of X. Clearly 
p : X+ B is also determined, as p” and the fundamental factorization of X are 
known. Obviously the triple r = (X, p, B) obtained by this construction 
satisfies conditions (a)-(f). C onversely every F-bundle over B admits such a 
description. Note the close relationship between the voltage 4(e) and the 
isomorphism 4, in (f). 
1.1. EXAMPLE. Consider the triple < = (X, p, B), where X is the Petersen 
graph, B = K,, and p is such that 2 = 5K, and R = 2C,. Then 5 satisfies 
two of the coditions imposed on graph bundles, namely, (d) (with F = C,) 
and (e), but it fails to satisfy (f), and hence < is not a graph bundle. 
1.2. EXAMPLE. Let B and F be defined as follows: 
V(B) = {a, b, c}, S(B) = {x,y, z, x-l,y-l, z-l}, 
ix = a, tx = b, iy = b, ty = c, iz = c, tz = a, 
V(F)= {1,2}, S(F) = {e, e-l}, ie= 1, te= 2. 
This means that B is isomorphic to C, and F is isomorphic to K,. SO 
Aut F = {id, q}, where q = (1 2). Let the voltage assignment 4 on B be 
defined by 4(x) = id, 4(y) = q, 4(z) = id. Then B is isomorphic to C, and X 
is isomorphic to K,,, . We obtain the graph bundle shown in Fig. 1. 
Recall that voltages are easily defined for arbitrary walks simply by 
multiplying the voltages assigned to the consecutive (directed) edges of the 
walk. For any vertex b E V(B) we define the local group G, acting on V(F) 
as the group of voltages of all closed walks originating at b. Note that G, is 
determined by the covering projection ~7 (up to conjugacy class in Aut F). 
Given a graph covering p’: B+ B, a natural question arises: what are the 
graphs F that may serve as fibres of a bundle X over B with nondegenerate 
part B”? For a connected B the answer is in the local group G, : F may serve 
as a tibre if and only if there exists a labeling of V(F) such that each G, is 
isomorphic (as a permutation group) to a subgroup of Aut F. 
This gives a very simple estimate of the number of nonisomorphic F- 
bundles over B. Take an arbitrary spanning tree T of B. Every covering 
582b/35/1-2 
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space over B with local group in Aut F can be described by a voltage graph 
that has nonidentity voltages assigned only to edges outside T. But then these 
voltages have to be from Aut F. This leaves 
/AutFl (IE(B)l-lV(B)l+1) 
voltage graphs (covering spaces). Each of them defines a unique F-bundle 
and all F-bundles are obtainable in this way. This shows that over a tree 
there is only one (the trivial) F-bundle. Furthermore, if Aut F = {id}, then 
each F-bundle is trivial. Finally there are only two nonisomorphic K,- 
bundles over C,: the trivial bundle (with the n-prism 17, = C, x K, as its 
total graph) and the Miibius bundle ,L, = (M,,p, C,), whose total graph M, 
is the Mobius ladder, i.e., the 2ncycle plus main diagonals (see, e.g., Biggs, 
111). 
2. RESULTS AND PROOFS 
Recall that we are dealing exclusively with simplicial graphs. First of all a 
simple lemma. 
2.1. LEMMA. Let the total graph of the triple 5 = (X,p, B) have the 
fundamental factorization X = B @ R with p” a covering projection and with 
A(R) < 1. Then X is (A(B) + 1)-edge-colorable. 
ProoJ By Vizing’s theorem, B admits a (A(B) + 1 )-edge-coloring, which 
lifts naturally to a (A(B) + 1).edge-coloring of B. The latter is extended to an 
edge-coloring of X as follows. For each vertex b of B there is at least one 
color c(b) that has not been used at b. Therefore this color has not been used 
at any vertex of the fibre R, either. But then all edges of R, can be colored 
by c(b), and this gives us a (d(B) + 1)edge-coloring of X. 
Here are three simple corollaries that we present without proof. 
2.2. COROLLARY. If A(F) = 1, then the total graph of every F-bundle is 
of class 1. 
2.3. LEMMA. For an arbitrary simplicial graph 6, the graph G X KZ is of 
class 1. 
2.4. LEMMA. Every F-bundle over a graph B with A(B) = 1 is trivial and 
is of class 1. 
Here is our main result. 
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2.5. THEOREM. Let 5 = (X, p, B) be an F-bundle satisfying at least one of 
the following conditions: 
(i) B is of class 1 and d(B) > 0, or 
(ii) F is of class 1 and d(F) > 0, or 
(iii) B and F both contain a l-factor. 
Then the total graph X is of class 1. 
ProoJ First of all, let us introduce some shorthand notation: 
d = d(B), s = d(F), d’=d+ 1, ,y’=s+ 1. 
By Vizing’s theorem there exist a d’-edge-coloring of B and an s’-edge- 
coloring of F, which will be denoted by 
B=A,@... @Ad, and F=E,@ ... BE,,. 
Then there is an induced edge-coloring I? = 2, @ ... @ A”,, of B, where 
xi =F-‘(AJ. Let the graphs C and D be defined by 
C=A,@ ... @AdI and D=E,@ ... GE,,. 
So B = A, @ C and F= E, @D. Also define c”=j-‘(C). We prove the 
theorem separately for each of the cases (i)-(iii). 
Case (i). Since B is of class 1 we may require that d(A,,) = 0 (i.e., that 
A d, be the discrete graph). The fundamental factorization of X is 
X= B”@ R =x, @ e@ R. Let Y denote the graph A”, @ R. Clearly Y is the 
total graph of an F-bundle over A,. As d(A,) = 1 it follows from Lemma 2.4 
that Y= A, x F and that there exists an s’-edge-coloring of Y. Since there 
exists a (d - I)-edge-coloring of c, induced by the edge-coloring of C, we 
can compose the two colorings to obtain an (s + d)-edge-coloring of 
X=c”@Y. 
Case (ii). Since F is of class 1 we may now assume that d(E,,) = 0 (i.e., 
that E,, is the discrete graph). Recall that F = E, @D and that in the 
fundamental factorization X= B @ R the graph R is isomorphic to nF, 
where n = / V(B)1 . Therefore 
Let Z denote the graph I?@ (nE,). Since @@ (nE,) is the fundamental 
factorization of Z and d(nE,) = 1, Lemma 2.1 implies that Z is d’-edge- 
colorable. As s - 1 colors are required to color the edges of rzD we can 
combine the two colorings into an (s + d)-edge-coloring of X = Z @ (no). 
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Case (iii). We may assume that A, and E, are the l-factors. Note that 
d(C)=& 1 and d(D)=s- 1. From the factorizations X=I?@R, 
g= c”@A”,, and R =nF= (rtD)@ (nE,) we get 
x = ((5 @ (a?,)) @ (X, @ (no)). 
Denote the graph c@ (nE,) by 2 and the graph d, @ (no) by Y. It is 
important to note that the factorization R = (no) @ (nE,) is not necessarily 
unique. However, it is always possible to select a factorization (depending on 
A,) which results in Y = A i X D =>n(K, x D). Now Y has an s-edge- 
coloring by Lemma 2.3 and Z = C 0 (nE,) has a d-edge-coloring by 
Lemma 2.1. The two colorings combine into a (d + s)-edge-coloring of 
X=Y@Z. 
3. CONSEQUENCES 
First, Theorem 2.5 has the following consequence: 
3.1. COROLLARY. Let a graph bundle have a regular base B and a 
regular flbre F which satisfy at least one of the conditions: 
(i) B is l-factorable and d(B) > 0, or 
(ii) F is l-factorable and d(F) > 0, or 
(iii) B and F both contain a l-factor. 
Then the total graph of the bundle is l-factorable. 
As a second corollary we consider the case when the bundle is trivial: 
X=BxF. 
3.2. COROLLARY. Let B and F be two graphs satisfying one of the 
following conditions : 
(i) B or F are of class 1 with maximum degree greater than 0, or 
(ii) B and F both contain a l-factor. 
Then their Cartesian product B X F is of class 1. 
Taking the trivial bundle in Corollary 3.1 (or equivalently regular 
graphs B and F in Corollary 3.2) we obtain a result of Kotzig concerning l- 
factorization of the Cartesian products of regular graphs [7]. 
Case (i) of Corollary 3.2 appeared as an exercise in Bondy and Murty [2]. 
It also appeared as the main result of Mahmoodian [S]. 
We denote the vertex chromatic number of a graph G by X(G) and the 
edge chromatic number by x’(G). The vertex chromatic number of the 
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Cartesian product of two graphs is given by the formma ,Y(E x F’) = 
max{X(B), x(F)}; this was proved by Sabidussi [lo] in 1957. There is 
apparently no simple closed formula relating the edge chromatic number of 
the Cartesian product with the edge chromatic number of its constituents. 
When we turn to bundles, the formula for the vertex chromatic number of the 
Cartesian product does not extend and cannot even be weakened to an 
inequality. In particular, if we take the Mobius bundle ,uzn, then its total 
graph Ml,, contains an odd cycle, therefore x(M,,) = 3 although x(C,,) = 
x(KJ = 2. On the other hand if we take pZn+, , then x(M,,+ ,) = 2 whereas 
maxW2,+J~ x(&)1 = 3. W e note, however, that in general the following 
inequality holds x(X) > max {x(E), x(F)}. Nevertheless we can construct 
bundles having base of arbitrarily large chromatic number and bipartite total 
graph. 
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